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Approximation Method of Tool Path Oriented to
Five-axis CNC Machining with NURBS Curve
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Abstract—For the case of the advancement of Non-Uniform
Rational B-Spline (NURBS) curve to represent a complex
freeform shape, the NURBS method has been applied in
Computer Numerical Control (CNC) machine tools to express
the tool path curve. In order to achieve higher approximation
accuracy in five-axis CNC machining, the approximation
principle was firstly proposed based on the time division and the
tool path curve was approximated by a group of chord lines. To
avoid the federate fluctuation, the federate correction method is
also proposed. The relation methods for realizing the
approximation of tool path curve was also presented in this
paper. The given example and the cutting result show that the
proposed methods are feasibility of being applied to CNC
trajectory approximation to achieve high-speed and
high-accuracy multi-axis machining.

Index Terms—Five-axis machining; CNC; NURBS curve;
Tool path

I. INTRODUCTION

Five-axis computer numerical control (CNC) machine
tools have been more and more applied in performing a
cutting task of complex work-pieces such as molds, dies, etc.
to meet the requirements of high speed and high accuracy. To
realize the multi-axis CNC machining, the work-pieces have
to be firstly designed using computer-aided design (CAD)
system, and then cutter contacting path is converted to the
cutter location (CL) path and tool path by computer-aided
manufacturing (CAM) system [1~4].

The controlling algorithm of CNC system is a type of
location and federate controlled method. The most important
and functional kernel module is tool path approximation
method, which is also the so-called interpolation method in
applied mathematics. In order to guide the CNC machine to
perform cutting along the CL path or tool path, the path is
traditionally divided into a set of line or circular segments
(also called NC codes). These segments will approximate the
original tool path to a desired accuracy if sufficient numbers
of segments are used. To obtain more approximation accurate
and to reduce the contour error, the number of the segments
should be increased. However, these methods could lead to
several drawbacks [5~9].

Based on the above observation and analysis, it is evident
that accurate high-speed manufacturing is hard to achieve if
the conventional line and circular interpolators are used in
CNC systems. Therefore, developing a new type of
interpolator for CNC machine tools is of importance [10].
Since non-uniform rational B-spline (NURBS) uses fewer
data to represent the designed curves and if both the
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CAD/CAM and CNC systems adopt NURBS as the
geometric representation, a considerable amount of time spent
on transferring data between CAD/CAM and CNC machine
can be saved.

Because of the advantages of NURBS method [11], a tool
path approximation method is proposed in this paper for
machining a complex curves (or surfaces). And the relation
algorithm of NURBS method is also introduced and presented
to help realizing the controlling software of the multi-axis
CNC system. Consequently, a trial cutting is performed in our
research work to validate that the methods in this paper is
succeed and applicable and the approximation theory can
dramatically increase the machining accuracy and decrease
the machining time.

Il. NURBS REPRESENTATION

A general form to describe a parametric curve in the 3-D
space can be expressed as
ru)=x)i+y)j+zuk (0<u<i) (1)
where u is an arbitrary parameter, I , J, K is the unit vector
of axis orientation of X, Y, Z respectively.

A p-degree NURBS curve with parameter u can be defined
as follows:

S wB,, (U)C
() =[x(W) y(U) 2@ =2 (0sush @)
ZVVI Bi,p (U)

where C; is the i 3-D control point; w; is the corresponding
weight factor of C;; (n+1) is the number of control points;
Bip(u), B-spline basis function with degree of p, can be
calculated by the following formula:

{1 (u <u<u,,)

0 (otherwise)

i,0

u-—uy, ui+ +1 u
Bi,p(u) :—_ILJBi,p—l(u)+_p 1_ Bi+l,p—l(u)
i+p i i+p+1 i+1
0 .
0 =0  (prescribed)
3

where u; (i=0,1,2,...,n+p+1) is corresponding parametric
value of control point which can be formed a non-decrease
serial K. K is also called the knot vector and can be expressed
as the following style.
Kz{oa“"O1Up+1"“'un1la"'vl}
p+1 p+1
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I1l. APPROXIMATION METHOD OF A NURBS CURVE

As shown in Fig.1, if the tool path curve r(u) is to be
approximated, the approximation point should be interpolated
onto the curve according to certain rules. After the above
process, the distance between chord line formed by the
adjacent two approximation points and original curve is the
approximation error. In this article, we use the following
time-division rule to generate the approximation points. And
now, the approximation process of the method is described as
follows.

z e Approximation Point

—— Tool Path Curve to be approximated

—— The chord line of approximation

Fig.1 Approximation principle of tool path curve

The key to approximate a parametric tool path curve
represented by NURBS in real time (namely command
generation) is that the segmentation should be based on equal
increments of sampling period Ts, rather than equal
increments of the parameter u. Accordingly, a method is
needed to determine successive values of parameter u (at each
sampling period) such that the ratio between As (increment
of curve length during each sampling period) and T is equal to
a desired profile V(t) in a federate control problem. The
procedures for determining successive values of u are
summarized as follows. Considering the federate V(t) along
the curve, r(u) in Eq.(2), V(t) can be expressed as

V= dr(u)| _[dr(u) (Eﬂlj @
dt du dt
hence
du_ V()
at fdr(u) ©®
du

Using 1st order Taylor expansion method, Eq.(5) can be
processed as the following equation

\ (tk) 'Ts
dr(u)
dU u=uy

where u, and uy; denote the value of u at t=t,=kT, and
t=ty.1=(k+1)Ts, respectively.
And also, the 2nd order approximate algorithm is

=u .+ (6)

uk-¢-1

_ L V()T

ke = Uit W_
du |,

2 o[ dr(u) d*r(u)
’v(tk)'Ts[ du ’ du? }u_u
2 ‘ (7
5. dr(u)
du

u=uy

The 1st and 2nd derivative of r(u) with U can be
respectively obtained as

dr(u) _
du
Z B, (u)C Z . .p(u)z B, ,(L)C,
Z B, (u) _ (Z ,B,p(u)jz ?
rw) ; . .p(u)z wE,M)C,
v [Z . .p(u>j
Zw. .p(u)Zw. B, (U)C,

soao]
Z . .p(u)z . .p(u)z B, ,(U)C,

(Z .B.p(u)f
2w, (3 WB,, (0 YW, (1 .

)

where the general algorithm for m™ order derivative of

B, ,(u) is
B(m) (u)= |: ?Im; 1(_“3- 521 p_llf ):| (10)
and P P
28 ooy =@ ()
where
x=x(u),y=y(u),z=z(u),
:dxw) :dyw)zu:gggz 12)
du ’ du du

Using Egs. (8), (9), (11) and (12), then X, Y, Z, X ,
y" and Z can be calculated and using Egs.(5), (6) and (8),

U, can be acquired. This is called the first order

approximation algorithm of NURBS curve. Similarly, the
second order approximation algorithm also can be presented
with Egs.(5), (7), (9) and (11).Thus parameter u is updated in
each time period to cope with federate V (U, ). V (u,) can
be obtained with the following acceleration and deceleration
(Acc/Dec) method during the course of arbitrary one
time-division point.
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Assumed that the acceleration and deceleration is a and
destination federate is v as shown in Fig.2.

\
v

-a
B
LS
0 ) t
Fig.2 Mathematical model of linear acceleration and
deceleration

During the process of accelerating, the following method
can be used

\Y (Uk) =at,
While the decelerating course, the key problem to be solved

is evaluation of deceleration point. In Fig.2, Sp, distance of
deceleration, can be calculated as follows
2
SD:V—
2a
The distance of deceleration, which is also the length
between deceleration point and destination point along the
spline curve, can be calculated as follows

IUD du }du SD

where up is corresponding parameter of the deceleration
point. The following Newton-Rapson method can be used to
calculate the value of up.

}du -S;

If
f(uy)=0
Assumed that initial value of up is ug and the initial value is
1.0, thatis, f (U,) = -Sp, then we have the following equation
U, =u-f)/ f'(y) 1i=0 (16)

where i is set as an integer. Eq.(15) can be equivalent to the
following formula

(13)

(14)

dr(u)
du

(-

(15)

we have

f (ui) | 2 O
dr(u,)
du
f (u;) in Egs.(15) and (16) can be obtained using Simpson

integral method.
If we assume that we had the following equation

V(t
(i) = )
dr(u)
du u=uy

then Eq.(7) can be rewritten as follows according to Eq.(18)
uk+1:uk+Tsu'(tk)+Tszu"(tk)/2 (19)
The following back ward difference approximation method
can be employed here to compute U'(t, ) and u”(t,) , which

U.=u+ 17)

i+1 i

(18)

IS
u'(t,) =, —u, ) /T, (20)

and
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u"(t,) = (U, —2u, , +U, ,)/T? (21)
Substituting Egs.(20) and (21) into Eq.(19) will yield an
initial value of Uy;.

Uy =2.5uy-2Uy.1+0.5Uy-» (22)

However, the federate \7k resulting from U, can be
calculated as follows
\7k :||r(Uk+1) - r(uk)”/Ts
In fact, \7k may not be accurate. Let V, be the desired
federate, so the error of federate should be equal to
Vi =V
Assumed that
Uysq = By00,g +(1-br)u (23)
where
b=V, /[oV, +(1-b,)V, 1,b, € (0,1]
If federate error |V, —V, |is enough small, such that the

error is smaller than the given tolerance ¢, then the iterative
calculation described in Eq.(23) will be stopped and let

uk+1 = uk+1 (24)
IV. RELATION ALGORITHMS FOR THE APPROXIMATION
THEORY

The above approximation calculation method has some
important algorithms such as arbitrary order derivative of
NURBS curve r(u) and total length of r(u) between arbitrary
two parameters. In the rest of this article, we have
concentrated our efforts for getting the calculation results.

A. Arbitrary order derivative of r(u)

According to the Eq.(1), the following first order derivative
can be obtained

According to the Eq.(1), the following first order derivative
can be obtained

) [ A(u)j' A (U)w(u) = AUW () _

w(u) [w(u))*
A'(u) —r(u)w'(u) (25)
w(u)
where
AW)=Y W8, (u)C,
and "

W)=Y W8, , )

For the r'" order (r €[1, p]) derivative of r(u), the following
result can be deduced according to the Leibnitz method

A (u) = (w(u)r(u))® = Zr:(ir}w(i) )r )

i=0

—w(u)r® (u) +Zr:(ir}/v“)(u)r“”(u)

(26)
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r
where the operator[_ J can be expressed as
|

e

The r" order derivative of r(u) can be acquired from Eq.(8)

as
AV (W) —ZU ]w“’(u)r“”(u)
ru)= - W) (27)
where
A (u) = Zw BY (u)C,
and

WO (W) =Y B ()

According to Eq.(9), we can find that the calculation of r"
order derivative of B;  (U).
The 1st derivative of B spline basic function with p degree

is
B(O) u B(O)
Bl(lg(u) — p i p—l( ) +1, p- 1( ) (28)
ui+p - ui+p+l —Uiy

(0) . A . .
where B[" (U) is representing itself of basic function B, (u).

So we have the following iterative equation of r™ order deri-

vative of B,  (U)
B(Ir 1)
Bfr,i(UI):p( g )] (29)
’ U, —U;  Up,py—U

Till now, we have the following expression for the
derivative of basic function

Bipa(u)

i+p+l i+1

B(O)( u)= 1 uely,u,)
0 other
o r=0
u-— i |+ +
Bi(.—p) (U) _ J— |((:J) 1(LI) + Pl |(fl) p- 1(U)
! ui+p U; i+p+l ~ Yidl
Br-Y (r-1)
Bloa(W)  Biipa(W) 1<r<
p p
Up =W Uip —Uiy
(30)

For the solution of Eq.(30), the follow iterative method
is proposed and applied in this paper.
(r)
Assumed that matrix of M(U,i, p)and
(r)

N(u,i, p)is
U—Ui ui+p+1 u r:0
(r) . ui+p -y ui+p+1_ui+1
M(u,i, p)=<_ Z
P _P r«0
_ui+p_ui u|+p+1 Ui,y
(31)
and

(32)

|+lp( )

then we have the following equation according to Eq.(30)
(r) (r)

i\?(u,i, p) |: (:)(U) i|

B (u) = (T(U,i,p)(tllfu,i,p—l) r=0 g
M(u,i, p) N (u,i,p-1) r=0

According to Eq.(33), the following block matrix method can
be deduced and the method also can be validated with
mathematical induction.

" (r-1 .
B (U) = m(u,i pyx| M (WEPD 1 0 <
0 M (u,i+1,p-1)
() _
M (uip-2) 0 0 0
(r-2)
0 M (u,i+lp-2) 0 0
(r-2)
0 0 M (ui+lp-2) 0
(r-2)
| 0 0 0 M (u,i+2,p-2)]
"0) -
M(u,i,p-r) 0 0 0
0
0 M(u,i+Lp-r) " 0
0)
0 o M(ui+r-1p-r) 0
)
L 0 0 0 M(ui+r,p-r)]
[0
M(u,i,1) 0 0
©
0 M(ui+L)
©)

M(ui+1) "

<
x

M(u,i+p-21)

=

M(u,i+p-21) 0

(0)

N (u,i,0)
(0)
N (u,i+1,0)
(0)
N (u,i+1,0)

O]
N (u,i+p-2,0)
O]
N (u,i+p-2,0)
©)
| N(ui+p-10) |
where the all matrix about M in Eq.(34) is block square
matrix.

B. Calculation of approximated tool path curve

During the course of acceleration and deceleration
controlling method mentioned above, there are two types of
computational problems: 1) total length of r(u) between
arbitrary two parameters(i.e. a and b); 2) one of parameter
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when curve length is given. Here we use the following
numerical analysis method to solve the above difficulties.

L(a,b), the total length from a point a to another point b
along a curve r(u), can be expressed as follows

Lab) =] r'(u)jdu
- [N +[y F +[Z@)Fdu
= [ f

If h:b_—a,uk =a+kh,k=0,---,I;1 =2m, then we

(35)

have

L(ab) =S, (f(u))

:g( F@)+43 F(Up) +23 f () + f(b)j (36)

Assumed that the total length (L) between the parameter uq
and the parameter 1 is given, the destination is to calculate the
value of ug. that is

1 , 1
[ Ir@ldu=| " f (u)du=L (37)
Ug Ug
Let

o) =[ Jrmlv-L=[ fpav-L @9

and the initial value of ugq is ug (Up=1), then we have
g(uo) =-L

Meanwhile, there is following iterative expression as Eq.(39)

U, =u-9U)/g'(u) i=0 (39)
Eq.(39) is equal to Eq.(40)
U, =u +M i> (40)
f(u;)

where g (U, ) can be easily solved according to the method of

Eq.(36). The condition of terminating the iterative calculation
is

|ui+1_ui|: |g(ui)| <n U =20
u; u f(u)

where 77 is the allowable error of iterative calculation.

Fig.3 shows the tool path curve to be approximated, which
is a quarter of circle with radius of 10 mm represented in 3™
order NURBS form, and its control points are Py(10,0,0),
P1(10,10,0) and P»(0,10,0) with weights 1, 0.707 and 1
respectively.

(41)

P2 P1
S
0 Py "
Fig.3 The example NURBS curve with knot vector
[0,0,0,1,1,1]
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Table 1 has listed the contrast of curve length between
computational result using proposed method and theory value
when different conditions demonstrated in Eq.(36) happened.
From the Table 1 we can conclude that the more divisions, the
higher approximation accuracy.

Table 1. Tool path curve length between two points with
contrast to the theory values (mm)

a=0. b=0.5 a=0. b=1

I=2 7.854921 15.75974

=4 7.854038 15.70984

=8 7.853985 15.70808
=16 7.853982 15.70797
theory values 7.8539816 15.707963

Table 2 has described that the approximation accuracy
when different iterative allowable errors are given. From the
Table 2, we can find that with the increase of the accuracy
requirement, the computational result is by and by
approximating the real parameter value of the given point.
When the allowable error 7 is set as 0.01, the number of
iterative calculation is only three enough to skip the iterative
cycle. It can also be seen that the algorithm presented in the
paper has high computational efficiency and convergence
speed.

Table 2. Parameter calculation result when given tool
path curve length

L/mm 7.8539816 15.707963
n=0.01 0.500008 0.000009
#=0.05 0.500076 0.000065
7=0.10 0.500104 0.000130
7=0.50 0.500513 0.000621

V. TRIAL CUTTING A NURBS CURVE

The proposed method has been realized in our developing
3-axis CNC machine tool, which is equipped with an open
architecture controller. The NURBS curve depicted in Fig.4
is transformed the format of NC code and then input into the
CNC system to cut the paraffin blank. The cutting result of the
NURBS curve is shown in Fig.5 and the tool path
approximation accuracy is under 0.5um when the time
interval is set as 1ms.

50
-100° 100

Fig.4 A NURBS curve to be cut
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(I A
v

Fig.5 Result of cutting the NUIiBS curve

VI. CONCLUSION

Through our deep research in this paper, we can conclude
the following meaningful and valuable conclusions:

(1) NURBS method widely used in the field of CAD can
also be directly applied in CNC system.

(2) Through adding approximation algorithm to the
controlling software of CNC machines, one can achieve the
higher approximation accuracy to tool path curve than the
traditional line or circular arc segments approximation
method.

(3) The iterative calculation methods presented in the paper
have higher computational efficiency and convergence speed.
The proposed methods can also provide the theoretic
reference for the similar applications of NURBS
approximation technology.
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